We report a development of a new fast surface-based method for numerical calculations of solvation energy of biomolecules with a large number of charged groups. The procedure scales linearly with the system size both in time and memory requirements, is only a few percents wrong for any molecular congurations of arbitrary sizes, gives explicit value for the reaction eld potential at any point, provides both the solvation energy and its derivatives suitable for Molecular Dynamics simulations.
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The method works well both for large and small molecules and thus gives stable energy dierences for quantities such as solvation energies of molecular complex formation. Fortunately, water is characterized by a very large value of dielectric constant and therefore the reaction eld of water molecules is collective in nature. Although realistic properties of molecular interactions depend both on short-scale water molecules alignment and on the longrange dipole-dipole interactions at the same time [3, 4] , purely electrostatic models, such as Poisson-Boltzmann equation solvers [5, 6] , turned out to be very successful in various applications.
Even within the realm of continuous electrostatic models there are numerous approaches in use to calculate the polar part of the solvation energies. Popular techniques span from nite element methods (FEM, [5, 6, 7, 8, 9, 10, 11, 12] ) to various types of Generalized Born (GB) approximations [13, 14, 15, 16, 17, 18, 19, 20, 21] . A numerical FEM solution to the Poisson-Boltzmann equation (PBE) is a formally fast (the calculation time and memory scale ∝ N, with N being the number of particles in the system) and is a rigorous attempt to solve the electrostatics problem. On the other hand FEM involve a good numerical overhead and in practice GB approximations are faster, in spite of the fact that it normally takes * Electronic address: peter.fedichev@q-pharm.com; URL: http:// www.q-pharm.com O(N 2 ) operations to calculate GB energy. Unfortunately GB approximations are very rough and that is why GB calculations work well only for small and medium sized molecules, whereas FEM methods can, although at expense of a numerical complexity, be applied to very large systems. The particular boundary between the applicability of the two methods depends on the balance of speed the amount of details and accuracy required in a specic application.
In this Letter we push forward our recently established connection [22] between the Generalized Born (GB) models [14, 15, 17, 21, 23, 24, 25] and the boundary integral formulation of the electrostatics problem [6] . We show that the GB solvation energy can in fact be cal- Modern implicit water methods trade accuracy and physical sophistication for speed and usually are based on assumptions [17, 25] traceable back to the original approach of Born [26] . Consider a molecule modeled as a system of charges conned within a water cavity as shown on Fig.1 
where ϕ 1 is the so called reaction eld potential produced by the water polarization charges as explained in e.g. [6] . 
Here σ S (r ) is the surface density of the polarization charges and df is the molecular surface element. The total electric potential at a given point r is ϕ(r) = ϕ 0 (r) + ϕ 1 (r), where
is the Coulomb potential generated by the molecular charges. The surface charge density σ satises the integral equation
If the molecular surface is properly discreticized then both the polarization charge density σ and the solvation energy can be obtained iteratively in O(N lnN ) operations with the help of either FFT or fast multipole methods for fast matrix-vector products and proper preconditioners [30, 31, 32, 33, 34] . In practice the number of iterations required for full convergence is far from a few and the whole calculation is nevertheless fairly computationally demanding. Another problem arises from the fact that applications such as MD simulations or minimizations require derivatives with respect to the atoms coordinates. Naturally, nding a derivative of an iteratively obtained solution is not an easy task. That is why a substantial eort was put in nding reasonable approximate solutions to Eq. (3) as described in the recent publications [35, 36] and the refs. therein.
Historically Generalized Born (GB) methods provide an apparently dierent way of the solvation energy calculations [13, 14, 15, 16, 17, 18, 19, 20, 21] . In our recent work [22] we established the link between the surface electrostatics and GB models. It turns out that GB models can be also used to provide the reaction eld potential approximation within the molecule and to calculate the polarization charge density. To do that we reintroduce GB models following our presentation in [22] using the simplest Kirkwood-like form of the reaction eld potential [37, 38] ϕ(r)
where
and R(r) is a properly chosen function. Specic expressions for the function R are dierent in dierent models and are expressed either in terms of either volume [13, 14, 15, 16, 17, 18, 19, 20, 21] or surface integrals [17, 24, 27, 39] . The values of the function R(r) at the positions of the charges are called the respective Born radii, R i = R(r i ) of the ions. The surface and the volume integral formulation dichotomy of GB models has a long history and the models dened with a help of properly chosen molecular surfaces (see e.g. [28, 29] ) have a good number of practical advantages [40] . Normally the polar part of the solvation energy is obtained by plugging the expression from the Eq. (4) for the reaction eld potential into the Eq. (1) [22, 37, 38] :
where f (r ij ) = S j (r i ), P ∼ 1 is the dielectric constant of the molecular interior. The expression implies double summation over the molecular charges and requires O(N 2 ) operations to compute.
One of the simplest way to calculate the Born radii comes from the so called Coulomb eld approximation (CFA) [13, 35, 36, 41, 42] : the electric displacement vector in a nonuniform medium is taken as that in the vacuum. The CFA is wrong for the ions next to the protein boundary [17, 24, 25, 38] , which is a problem indeed, since most of the charges within typical biomolecules are located next to the molecular surfaces. There are a few ways to go beyond the CFA and obtain a more accurate approximation. The rst class of the models was introduces in a number of works [17, 22, 24, 25, 38, 40, 43, 44] in either of the equivalent volume or surface integral for-
where s i = |s i |, s i = r − r i , and β = 5 − 7 is a (variational) parameter. The integration over the water bulk W in the middle of (6) is transformed to the equivalent boundary integral form in a standard way with the help of the Gauss theorem [43] . Another important model is given by
where C α is the properly chosen constant. The special choice of β = 6 in the model (6) and the two models described by Eq. (7) with α = 3, 4 and C α = 1/4π are exact for an arbitrary system of charges within a spherical molecule [22] . Though the specic choice of the Born radii method is not important for the following considerations, we naturally prefer these inherently accurate models and call them SCGB (Eq. (6) with β = 6) and SCGB(3) or SCGB(4) (Eq. (7) with α = 3, 4).
To obtain a faster method we suggest to use the model potential (4) to calculate the polarization charge density on the molecular surface σ from the electrostatic boundary condition in a standard way σ = 1 4π ∂ϕ ∂n .
Next to the molecular surface (r → Γ W ) the functions R in each of our models vanishes, R (r ) ≈ 2h → 0, where h is the distance from a given point to the surface [22] .
Once the surface charge density is known, we can use Let us summarize the solvation energy calculation algorithm in a few lines:
1. given a set of molecular charges q i located at the positions r i and a useful discretization of the surface, representing the molecule-water interface, we calculate rst the set of Born radii with the help of the surface integration according to either of Eq.
(6) and Eq. (7) with properly chosen values of α or β.
2. as soon as the Born radii are ready, we calculate the surface charge density at every point on the molecular surface according to Eq.(9).
3. now when the surface charge density is known, we can calculate the solvation energy using the exact expressions (1) and (2).
Although the apparent computational complexity of the 
and the model expression for the electrostatic potential coincide with the exact result e.g. from [45] ϕ(r) = q j 1 |r − r j | − a |r j r − a 2 r j | ,
with r j = r j /r j . In the same way the surface charge density calculated from this expression for the potential according to Eq.(8) coincides with that given by Eq. (9):
Since σ S = j σ j is an additive quantity, SCGB approximations gives the exact result for σ S for an arbitrary charge distribution within a sphere. An interesting case corresponds to a sphere with a = ∞, that is a very large molecule occupying a half-space. 
wherez = z/L. The results for the layer-like molecule in all the three SCGB approaches are:
We compared them with the exact result of Eq. (12) on Another challenging case is the calculation for a single charge q placed within a wedge made of the two perpendicular innite walls (the xz and yz planes). The SCGB results are 
where ϕ is the azimuthal angle between the position of a charge and the xz-plane, r is the distance separating the charge from the wedge. The results should be compared with the exact solvation energy
The error can be analyzed by observing the ratio Q a = (E S ) a / (E S ) ex , which is the largest at ϕ = π/4 and
The measures of the error are reasonable though of course not perfect. To build more condence we have also performed the calculations for a charge placed on the axis of an innite cylinder of the radius R and in the center of a cube of the size a (see Table I ) with roughly the same results.
All the calculations presented in this Section so far may be fair but concern only a few oversimplied examples produced for model systems with idealized geometries. To judge on the actual performance of the method we turn to a practically interesting realistic system: solvation energy calculations for N 8-neuraminidase protein (pdb accession code 2ht7). The molecule is composed of 387 amino acids and, after all the hydrogen atoms added, has 5866 atoms. The results of the calculations are represented on Fig. 3 . The horizontal axis represents the Born radii taken from exact solvation energy E S using the denition
The quantity E S was found exactly by solving FEM 
